The circular chromatic number c(G) and the fractional chromatic number f (G) are two generalizations of the ordinary chromatic number of a graph G. A graph is called star extremal if its circular chromatic number equals its fractional chromatic number. Gao and Zhu (Discrete Math. 152 (1996) 147-156), Lih et al. (SIAM J. Discrete Math. 12 (1999) 491-499) gave many classes of circulant graphs which are star extremal. In this paper, we study the star extremality of circulant graphs whose generating sets are of the form {1; 2; : : : ; m − 1; k; k + 1; : : : ; k + m − 2}, {k; k + 1; : : : ; k }, and {k; k + 1; : : : ; k1; k2; k2 + 1; : : : ; p=2 }, where p is the vertex number of the graph. As a corollary, we give an improvement of a result of Gao and Zhu (Discrete Math. 152 (1996) 147-156).
Introduction
Let k and d be two natural numbers such that k ¿ 2d. A (k; d)-coloring of a graph G = (V; E) is a mapping ' : V → {0; 1; 2; : : : ; k − 1} such that, for each edge uv ∈ E, |'(u) − '(v)| k ¿ d, where |x| k := min{|x|; k − |x|}. Observe that a (k; 1)-coloring of a graph G is just an ordinary k-coloring of G. We say G is (k; d)-colorable if there exists a (k; d)-coloring of G. The circular chromatic number (also known as the star chromatic number which was ÿrst introduced by Vince [14] ) c (G) is the minimum Supported by NSFC under grant 10171013. 1 Also Department of Mathematics, Hong Kong Baptist University, Kowloon, Hong Kong, China.
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k=d for which G is (k; d)-colorable. For di erent but equivalent deÿnitions of the circular chromatic number, we refer the reader to [18] . The circular chromatic number is a natural generalization of the ordinary chromatic number and can be viewed as a reÿnement of the ordinary chromatic number. The concept of circular chromatic number of a graph has been studied in many papers [2] [3] [4] [5] [7] [8] [9] [13] [14] [15] [16] [17] .
Another generalization of the ordinary chromatic number is the fractional chromatic number of a graph. A mapping c from the collection of independent sets of a graph G to the interval [0; 1] is a fractional coloring if for every vertex x of G we have S∈ ; s:t: x∈S c(S)=1. The value of a fractional coloring c is S∈ c(S). The fractional chromatic number f (G) of G is the inÿmum of the values of fractional colorings of G. For equivalent deÿnitions of the fractional chromatic number, see [10, 11] .
For any graph G, it is well known [12] that
where (G) is the independence number of G and !(G) the clique number of G.
, that is the equality holds in the second inequality in (1) . This notion of star extremality for graphs was ÿrst introduced by Gao and Zhu when they studied the chromatic number and the circular chromatic number of the lexicographic product of graphs in [6] . The lexicographic product G[H ] of G and H is the graph with vertex set V (G) × V (H ) and in which (g 1 ; h 1 )(g 2 ; h 2 ) is an edge if and only if g 1 g 2 ∈ E(G), or g 1 = g 2 with h 1 h 2 ∈ E(H ). It was proved in [6] that, if G is star extremal, then c (G[H ])= c (G) (H ) for any graph H . Therefore, for any star extremal graph G, the circular chromatic number, and hence the chromatic number, of the lexicographic product G[H ] is determined by c (G) and (H ). KlavÄ zar [10] also used star extremal graphs to investigate the chromatic numbers of lexicographic products of graphs. Lih et al. [6] studied relations between circulant graphs and distance graphs and discussed their star extremality.
Let p be a positive integer and let S be a subset of {1; 2; : : : ; p − 1}. The circulant graph G(p; S) is a graph with vertex set V = {0; 1; : : : ; p − 1} and edge set E = {ij: i; j ∈ V; |i − j| p ∈ S}, where |x| p = min{|x|; p − |x|}.
It is known and easy to prove that if a graph G is vertex transitive, then f (G) = |V (G)|= (G), where (G) is the independence number of G. Since any circulant graph G = G(p; S) is vertex transitive, we have f (G) = p= (G). Thus to prove that c (G) = f (G) for a circulant graph G = G(p; S), it is su cient to prove that c (G) = p= (G).
Given a circulant graph G = G(p; S) and an integer l, let l (G) = min{|li| p : i ∈ S} and let (G) = max{ l (G): l = 1; 2; : : :}, where the multiplications li are carried out modulo p. Lemma 1.1 (Gao and Zhu [6] ). Let G = G(p; S) be a circulant graph. Then (G) 6 (G). Moreover if (G) = (G) then G is star extremal.
Gao and Zhu [6] and Lih et al. [12] obtained some star extremal circulant graphs. Theorem 1.2 (Gao and Zhu [6] ). If S = {1; 2; : : : ; k − 1} then the circulant graph G = G(p; S) is star extremal. Theorem 1.3 (Gao and Zhu [6] ). If |S| = 1 or |S| = 2 with p=2 ∈ S then G = G(p; S) is star extremal. Theorem 1.4 (Gao and Zhu [6] ). Suppose G=G(p; S) is a circulant graph and |S|=2.
(a) If S = {1; k}, k is odd and p ¿ (k(k − 3) + 2)r=2, where r is the unique number
Theorem 1.5 (Gao and Zhu [6] ). Suppose that k = k + l 6 p=2, S = {k; k + 1; : : : ; k }. If p − 2k ¡ min{k; l} then G = G(p; S) is star extremal. Theorem 1.6 (Lih et al. [12] ). Suppose that S = {k; k + 1; : : : ; k }, G = G(p; S) and
In [6] , Gao and Zhu also constructed some non-star-extremal circulant graphs of composite orders. Through a computer search, an example of a circulant graph of prime order for which f (G) ¡ c (G) was also found.
Main results
Theorem 2.1. Suppose that S = {1; 2; : : : ; m − 1; k; k + 1; : : :
Proof. It is easy to see that for any j=0; 1; : : : ; p−1, {j; j+m; j+2m; : : : ; j+(p=m−1)m} is an independent set of order p=m. Thus (G) = m = !(G). It follows from (1) that G is star extremal.
Denote by [i; j] the vertex set {i; i + 1; : : : ; j} of G, where additions are taken modulo p. 
Proof. Let A be a maximum independent set of G. We ÿrst show that if s = 1 then |A|=t −s=t −1. Suppose A={x 1 (=0); x 2 ; : : : ; x a }, where 0=x 1 ¡ x 2 ¡ · · · ¡ x a 6 p−1. Then since k = m + 1 we have x j − x j−1 = m or x j − x j−1 ¿ 2m for j =2; 3; : : : ; a. If there exists some j such that x j −x j−1 ¿ 2m then a 6 t −1; otherwise we have x a ∈ [tm; p−1] which is a contradiction since 0 is adjacent to each vertex of [tm; p−1]. Hence, for each j = 2; 3; : : : ; a, x j − x j−1 = m. As (t − 1)m is adjacent to 0, we conclude that |A| 6 t − 1. Since {0; m; 2m; : : : ; (t − 2)m} is an independent set of G with t − 1 vertices, |A| = t − 1. Following we assume s ¿ 2.
Since 1; 2; : : : ; m − 1 are in S, it is clear that every m consecutive vertices of G induces a clique. If I = {i; i + m; : : : ; i + (n − 1)m} ⊆ A and i − m; i + nm ∈ A, then we call I a segment of A (where addition and subtraction are taken modulo p). The length of a segment I of A is its cardinality. We ÿrst show that if A has only one segment then |A| = (p − k − r + 1)=m = t − s. Suppose A is a maximum independent set of G with only one segment. Without loss of generality, assume A = {0; m; 2m; : : : ; im}. Since r ¿ 1 and t ¿ 2s, we conclude that (t − s)m is adjacent to 0, which implies that i 6 t − s − 1. On the other hand, it is easy to see that {0; m; : : : ; (t − s − 1)m} is an independent set of G with t − s vertices. Thus if A has only one segment then
Following we shall show that if A has at least two segments then |A| 6 t −s. Choose A among all maximum independent sets of G with at least two segments such that the length of its maximum segment is as large as possible. We now show that the length of each segment of A is less than or equal to s − 1. Suppose the contrary, and let I be a maximum segment of A with |I | = n ¿ s − 1. Without loss of generality, we may assume I = {0; m; 2m; : : : ; (n − 1)m}. Since Let p= (k +m−1)+ (0 6 6 k +m−2). Since A has at least two segments, there exists some j such that [ j;
Thus we have
As |A| is an integer and 0 6 r 6 m − 1, it holds that Proof. By Lemma 2.2, (G) = t − s. According to Lemma 1.1, we only need to prove that (G) ¿ t − s. For r = 1, it is not too di cult to check that (G) In the proof of Theorem 2.7, we need the following lemma which is a special case of a result in [1] . Lemma 2.6. Suppose G is a vertex transitive graph and H is a subgraph of G. Then Note that 1 6 6 t, |j | p ¿ for j = 1; 2; : : : ; m − 1. Following we shall show that |(k + j) | p ¿ for j = 0; 1; : : : ; m − 2.
Since p ¿ (s + 2)(s + 3)m 2 and p = tm + r, we have t ¿ (s + 2)(s + 3)m; and q ¿ 2
On the other hand, since j 6 m − 2, (m − j − 1) + ¿ . Thus Note that 1 6 6 t, | j | p ¿ for j = 1; 2; : : : ; m − 1. Following we shall show that |(k + j) | p ¿ for j = 0; 1; : : : ; m − 2.
Since p ¿ (s 2 + 3s + 1)m 2 =(m − 1) and p = tm + r, we have
On the other hand, since j 6 m − 2, (m − j − 1) + ¿ . Thus
From Theorems 2.3, 2.1 and 2.7, one can easily deduce the following corollary. Proof. We ÿrst show that (G) 6 k. Suppose to the contrary that (G) ¿ k + 1. Let A be a maximum independent set of G. We call I = {i; i + 1; : : : ; i + r} a segment of A if I ⊆ A and i − 1; i + r + 1 ∈ A(addition and subtraction modulo p). Since i is adjacent to i + k and |A| ¿ k + 1, A has at least two segments. Choose A among all maximum independent sets of G such that the maximum segment of A is as large as possible. Let I = {i; i + 1; : : : ; i } be a maximum segment of A. Since i is adjacent to i + k, |I | 6 k. If |I | = k then since p 6 2k + k, V (G)\I ⊆ N (I ). It follows that A = I , which contradicts the assumption that (G) ¿ k + 1. Thus |I | ¡ k.
Let 
A is a maximum independent set and the maximum segment of A is greater than that of A. This contradicts the choice of A. Therefore (G) 6 k.
On the other hand, since (G) ¿ 1 (G) = k, by Lemma 1.1, (G) = k and G is star extremal.
Remark. The condition of Theorem 2.9 is di erent from that of Theorem 1.5. Let S = {k; k + 1; : : : ; k + l} and suppose that 0 6 p − 2k 6 k (note that if (G) = k then p − 2k 6 k). If l ¿ k=4 then by Theorem 1.6, G = G(p; S) is star extremal and (G) = k. But Theorem 1.6 does not apply when l ¡ k=4. As l ¡ k=4, min{k; l} = l. Theorem 1.5 (which is Theorem 9 in [6] ) was proved in [6] by showing that (G) = k and 1 (G) = k. So if 0 6 p − 2k ¡ l then (G) = k and G is star extremal. And Theorem 2.9 implies that if k − l 6 p − 2k 6 k then (G) = k and G is star extremal. It seems di cult to determine whether (G) equals k when l 6 p − 2k ¡ k − l and l ¡ k=4.
By similar but more complicated arguments in the proof of Theorem 2.9, we can prove the following theorem. Theorem 2.10. Suppose that S ={k; k +1; : : : ; k 1 ; k 2 ; k 2 +1; : : : ; p=2 } and G =G(p; S).
Proof. We ÿrst show that (G) 6 k. Suppose to the contrary that (G) ¿ k + 1. Let A be a maximum independent set of G. We call I = {i; i + 1; : : : ; i + r} a segment of A if I ⊆ A and i − 1; i + r + 1 ∈ A (addition and subtraction modulo p). Since i is adjacent to i + k and |A| ¿ k + 1, A has at least two segments.
Choose A among all maximum independent sets of G such that the maximum segment of A is as large as possible. Let I = {i; i + 1; : : : ; i } be a maximum segment of A. Since i is adjacent to i + k, |I | 6 k. If |I | = k then since k 2 − k 1 6 k, V (G)\I ⊆ N (I ). It follows that A = I , which contradicts the assumption that (G) ¿ k + 1. Thus |I | ¡ k. A is a maximum independent set and the maximum segment of A is great than that of A. This contradicts the choice of A. Therefore (G) 6 k.
